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E-mail address: altenh1@uwindsor.ca (W. AltenhoAn analytical model for the steady-state axial cutting of circular tubes by a cutter with multiple blunt
blades and without/with the presence of a curved surface proﬁle deﬂector was developed. Experimental
observations have indicated that there exist six different dissipation mechanisms. These include the out-
ward bending of cut sidewalls, the formation of cylindrical ﬂaps in the transient and stable cutting regions,
circumferential membrane stretching, chip formation and friction. In the analytical model development,
rigid-perfectly plasticmaterial behaviour obeying the vonMises yield criterionwas employed to determine
the steady-state stresses and fully plastic bending moments for each deformation zone which were
assumed to be uncoupled to each other. The effect of the friction force was included to the proposed solu-
tion and the total axial cutting forcewas determined through use of the principle of virtual power. The pro-
posed analytical model was validated by comparing the predicted cutting force to experimental data and
the effects of tube wall thickness, number of cutter blades, and extrusion diameter were investigated. A
good correlation was found between the theoretical predictions and experimental observations.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Energy dissipation systems are required to absorb the impact
energy in accidents at a constant force with a long stroke over
the total available stroke. In addition, energy dissipation systems
are also required to exhibit good controllability and repeatability
over a range of impact velocities. Axial splitting of square and cir-
cular tubes has been recognized as an efﬁcient energy dissipation
mechanism for obtaining a relatively constant force over a long
stroke (Stronge et al., 1983; Reddy and Reid, 1986; Huang et al.,
2002a,b). Axial cutting of circular tubes by a cutter with multiple
blunt cutting blades is another effective energy absorption defor-
mation mode with a long stroke efﬁciency (Jin et al., 2006). Circular
AA6061-T6 extrusions underwent axial cutting and exhibited high
crush force efﬁciencies up to 95% and a favourable constant steady-
state cutting force. The load/displacement and energy absorption
characteristics of circular AA6061-T6 extrusions under axial cut-
ting were further studied by Jin et al. (2008) and Jin and Altenhof
(2010) with regards to the effects of tube wall thickness and num-
ber of cutter blades. An increasing relationship was observed be-
tween the steady-state cutting force and the tube wall thickness
as well as between the steady-state cutting force and the number
of cutter blades. In an effort to reduce the spatial requirement of
the cutting system and to ease the ﬂaring of cut petalled sidewalls,ll rights reserved.
9; fax: +1 519 973 7007.
f).a cone-shape deﬂector with a straight or curved proﬁle was de-
signed by Jin and Altenhof (2008) and implemented into the cut-
ting test apparatus. Minor inﬂuence on the load/displacement
and energy absorption characteristics were observed for the axial
cutting tests with the presence of the deﬂector. Five energy dissi-
pation mechanisms were identiﬁed with and without the use of
the deﬂector, namely, cutting deformation, circumferential mem-
brane stretching of the extrusion, petalled sidewall outward bend-
ing, far-ﬁeld sidewall material fracture, and friction between the
cutter blade and the extrusion sidewall.
The problem of wedge cutting a thin-wall plain plate has similar
energy dissipation mechanisms as the problem of axial cutting of a
circular tube by a cutter with multiple blades. The deformation
process of a wedge cutting a plate, as one of the primary energy
absorbing mechanisms, has received considerable attention and a
thorough literature review dealing with experimental and theoret-
ical analyses of the plate cutting resistance force by a sharp wedge
was presented by Lu and Calladine (1990) and Simonsen and
Wierzbicki (1998).
Although the mechanics of the cutting process is complicated,
the analysis of the cutting process falls into two stages: initial
blade/wedge penetration (transient cutting stage) and steady-state
cutting. The transient stage considers ﬁrst contact between the
blade/wedge tip and tube/plate edge to the state where the resis-
tance force reaches a constant level. If the blade/wedge has a ﬁnite
width, the cutting resistance force will reach a constant value after
a certain penetration depth and the process is then said to be
Nomenclature
B one-half of the wedge/blade shoulder width
Eabsorbed energy absorbed by a structure through plastic strain
_Eb far-field rate of energy dissipation for far-ﬁeld bending (moving
hinge line OP)
_Eb axial rate of energy dissipation for cut petalled sidewall bend-
ing outward
_Echip rate of energy dissipation due to continuous chip forma-
tion
_Em trans rate of energy dissipation for membrane deformation
zone between the transient and stable ﬂaps
_Em tip rate of energy dissipation for membrane deformation in
the vicinity of blade tip
Fp axial cutting resistance force without effect of friction
force
Ff friction force
F total axial cutting resistance force
L length of a circular tube
Lreduced length of reduced wall thickness section for a circular
tube
Mo fully plastic bending moment
n number of cutter blades
P axial cutting force
Pm mean cutting force
rm mean radius of a circular tube
ri inner radius of a circular tube
ro outer radius of a circular tube
Raxial axial bent radius for cut petalled sidewalls
Rr rolling radius of curls at the side of the wedge/blade
Rrt rolling radius of curls at the front of the wedge/blade,
Rrt = Rrcosh
h wedge/blade semi-angle
t wall thickness of circular tube
T blade tip with
l coefﬁcient of friction
uo gap opening between the transient and stable ﬂaps
vhh half of circumferential gap opening in the vicinity of cut-
ting blade tip
V blade advancing velocity in the axial direction
Vreal relative velocity between the cutting blade and the tube
sidewall
ry material yield stress
ro material ﬂow stress
ru material ultimate stress
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the cutting resistance force between a plate and wedge are avail-
able. The theoretical analyses for the cutting resistance between
a plain plate and a sharp wedge without ﬁnite shoulder width
can be found from Lu and Calladine (1990) and Wierzbicki and
Thomas (1993). However, only those applicable to this research
(meaning that the wedge must have a ﬁnite shoulder width to
reach a steady-state cutting process) will be further discussed.
Zheng and Wierzbicki (1996) theoretically studied the cutting
process of a wedge with a ﬁnite shoulder width cutting through
a plate. Three major energy dissipation mechanisms were consid-
ered in the development of the analytical models, namely, crack
tip zone in front of the wedge (ductile fracture and moving hinge
line), membrane deformation, and friction and a closed form solu-
tion for the steady-state cutting resistance force was developed
and is given in Eq. (1).
Fss ¼ rot
2
4
1:268
Rr
t
cos hþ 2Rr þ B
Rr
þ 1:28h2 ðRr þ BÞ
2
Rrt
cosðh=2Þ
 !
 ð1þ l cot hÞ
ð1Þ
where Rr is the rolling radius as expressed in Eq. (2), B is one-half of
the wedge shoulder width, ro is the ﬂow stress, t is the plate thick-
ness, h is the wedge semi-angle, and l is the coefﬁcient of friction.
Rr ¼ B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðt=BÞ þ 1:28h2 cosðh=2Þ
1:268 cos hþ 1:28h2 cosðh=2Þ
s
ð2Þ
Simonsen and Wierzbicki (1998) derived a closed form solution
similar to Zheng and Wierzbicki (1996) for the wedge cutting plain
plate process after steady-state cutting is reached, and the cutting
resistance force is found to be:
Fss ¼ 0:64ﬃﬃﬃ
3
p rotRr cos2 hð1þ 0:55h2Þ þ rot
2ðRr þ BÞﬃﬃﬃ
3
p
Rr cos h
þ 2ﬃﬃﬃ
3
p rotBh
 
 1 l
sin hþ l cos h cosðh=2Þ
 1
ð3Þwith the rolling radius expressed in Eq. (4).
Rr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bt
0:64ð1þ 0:55h2Þ cos3 h
s
ð4Þ
In the present study, a closed-form solution is derived for the
steady-state axial cutting of a circular tube by a cutter with multi-
ple blunt blades with or without the presence of a curved deﬂector.
First, the energy dissipation mechanisms are identiﬁed by analyz-
ing experimental observations and the energy dissipation rates for
each mechanism are calculated. Next, the expression for the stea-
dy-state cutting force is derived by employ the principle of virtual
power and applying the upper bound theory of plasticity. After-
wards, the effect of the friction is included to the proposed solution
and the total axial cutting resistance force is determined. Finally,
the proposed analytical model is validated by comparing the pre-
dicted cutting resistance force to the previously published experi-
mental data from Jin et al. (2008) and Jin and Altenhof (2010) and
additional experimental testing results from the present study. A
parametric study for the proposed theoretical model and the ana-
lytical models from Zheng and Wierzbicki (1996) and Simonsen
and Wierzbicki (1998) for sharp wedge cutting through a plain
plate is completed in terms of tube wall thickness, number of cut-
ter blades, and extrusion diameter.
2. Characteristics of steady-state cutting process
When a cutter with ‘n’ blunt cutting blades having ﬁnite shoul-
der widths cuts through a ductile circular tube with an outer radius
of ro and a tube wall thickness of t, as shown in Fig. 1, it will pass
the transient cutting stage and reach the steady-state cutting pro-
cess after a certain distance of cutter penetration. Fig. 2 illustrates
the plastic deformation of the circular tube after steady-state cut-
ting is reached. The cutting blades considered in the present study
have a blade tip width of T, a blade semi-angle of h, and a blade
shoulder width of 2B, as illustrated in Fig. 3. By analyzing experi-
mental observations, the assumed deformations under the stea-
dy-state cutting process for the cutter blades cutting through the
sidewall of the tube are presented and shown in Figs. 3 and 4. Since
the present study is only interested in the steady-state cutting
Cutter with 
multiple blades
Circular tube
V
(a)
V
Deflector
(b) (c)
Fig. 1. Illustration of a cutter with multiple blades cutting through a circular tube: (a) without the presence of deﬂector, (b) with the presence of deﬂector, and
(c) experimental photograph illustrating interaction of tube, cutter, and deﬂector.
x
Fig. 2. Photograph illustrating the plastic deformation of circular tube after steady-
state cutting process is reached.
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Fig. 3 illustrates the assumed mode of deformation for one cutting
blade cutting through the sidewall of a circular tube, Fig. 4 shows
the assumed bending deformation for the cut petalled sidewalls. It
is assumed that with the presence of blunt cutter blades the
circular tube will grow circumferentially but remain circular in
cross-sectional geometry, which leads to the cut petalled sidewalls
bending outward (Fig. 4). Moreover, with the advancing of cutter
blades the tube material curls up along two inclined plastic moving
hinge lines (OP line in Fig. 3) on both sides of the tube wall thick-
ness into cylindrical ﬂaps (transient ﬂaps in Fig. 3) and then forms
stable ﬂaps (Fig. 3) on both sides of the blade shoulder. Since con-
tact between the cutter blades and the cut petalled sidewalls,
exhibiting no gap(s), was observed in the experimental tests;
membrane deformation of the tube sidewalls at the transition zone
between the transient ﬂaps and the stable ﬂaps (PQT membrane
zone in Fig. 3) exists. In addition to the abovementioned threeO Transi
Chip zone
Plastic deformation zone
T
A
Fig. 3. Assumed mode of deformation for one cutting blenergy dissipating mechanisms, circumferential membrane
stretching in the vicinity of the blade tip (shaded zone in Fig. 3)
and continuous chip formation ahead of the blunt blade (Fig. 3)
are two other major plastic energy dissipating mechanisms.
Although material cracking (fracture) was also observed on the
cut petalled sidewalls in some experimental tests as reported by
Jin et al. (2008), especially for the thinner wall thickness extrusions,
the occurrence of material cracking is random and not necessary a
part of a steady-state cutting process. Therefore, material cracking
on the cut petalled sidewalls will not be included in the assumed
deformation mechanisms. All energy dissipating mechanisms are
assumed to be uncoupled to each other and can be treated
separately. The effect of friction between the cutter blades and tube
sidewalls on plastic ﬂow of the tubematerial will not be considered
initially in order to simplify the preliminary analysis, but will be
included to the total axial cutting resistance force after the friction-
less cutting force is derived, which has been extensively used by
Wierzbicki and Thomas (1993), Zheng and Wierzbicki (1996) and
Simonsen and Wierzbicki (1998) for the similar cutting process.
As illustrated in Figs. 3 and 5, plastic material ﬂow of the circu-
lar tube is described in a cylindrical coordinate system (r, h, x),
where x is the opposite of blade advancing direction, r is the radial
direction of the circular tube, and h is the circumferential direction
of the circular tube. As the material moves along the stream line (x
direction), it experiences bending as it passes the OP-line followed
by a continuous increasing shearing deformation as it moves to-
wards the blade shoulder. Material that is close to the symmetry
line (Ox line) experiences additional tensile deformation in the cir-
cumferential direction (hh direction) as it passes the zone of tube
sidewall separation in front of the cutter blade tip.P
Q T
x
Stable flap
ent flap
Transition membrane zone
2B
θ
ade cutting through the sidewall of a circular tube.
Δr
Dss Raxial
rm
Raxial
G
H
)b()a(
Fig. 4. Assumed outward bending deformation for cut petalled sidewalls.
Fig. 5. Top view of one cutting blade and portion of tube sidewall.
Fig. 6. Necessary straining illustrated by gap openings.
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As discussed previously, tube material curls up along the plastic
hinge line OP on both sides of the tube wall thickness into cylindri-
cal ﬂaps. The moving hinge line OP in Fig. 3 changes the curvature
of the undisturbed outer and inner portion of the tube sidewall
from 1/rm_o to 1/Rrt and from 1=rm i to 1/Rrt, respectively; where
rm_o and rm_i are the mean radii for the outer and inner portion of
the circular tube, respectively. The hinge line CD reverts the curva-
ture of curled ﬂaps back to zero so that there is a straight portion of
ﬂap (QCD) conforming to the tapered region of the cutting blade.
The rolling radius (Rrt) is kept as a variable in the formulationand taken as the value which gives the lowest rate of energy dissi-
pation. From the geometry of the problem:
Rrt o ¼ Rrt i ¼ Rrt ¼ Rr cos h ð5Þ
where Rrt, Rrt_o, and Rrt_i are the rolling radii for the transient ﬂaps;
and Rr is the rolling radius for the stable ﬂaps.
2.2. Far-ﬁeld membrane deformation
The far-ﬁeld membrane deformation zone is the transition
membrane zone shown in Fig. 3. For all the axial cutting tests con-
ducted there existed a smooth transition membrane zone between
transient and stable ﬂaps in the steady-state cutting process. Fig. 6
shows the geometry that is seen if the tube sidewall was cut at the
symmetry line (Ox line) and along the edges PT, PQ and folded
without membrane deformation of the sidewall. Then the gap, uo,
between PT and PQ is an indication of the amount of membrane
straining necessary for material continuity during the cutting pro-
cess. The determination of PT–PQ gap opening is presented in
Appendix A and the result is given in Eq. (6).
uo ¼ Bh ð6Þ2.3. Near blade tip circumferential membrane stretching
When a cutting blade cuts the sidewall of the tube, large stres-
ses and strains in the vicinity of the cutting blade tip cause the tube
sidewall to yield and a plastic deformation zone ahead of the cut-
ting blade exists (shaded plastic zone in Fig. 3.). The tube material
in front of the cutter blade tip tends to separate in the circumfer-
ential direction; however, the ductility of the material holds the
material together since no material crack was observed in the
experimental cutting tests (Jin et al., 2006, 2008). This combination
of efforts causes the circumferential stretching of the tube material
in the vicinity of the cutting blade. Fig. 6 shows the geometry that
is seen if the tube sidewall was cut at the centerline and rolled
without membrane deformation of the sidewall. Then the gap,
2mhh, at the plastic deformation zone is an indication of the amount
of circumferential membrane stretching necessary for material
continuity. The determination of near blade tip gap opening is pre-
sented in Appendix A and the result is given in Eq. (7).
2mhh ¼ 0:317Rr cos2 hð1þ 0:55h2Þ ð7Þ
S.Y. Jin, W. Altenhof / International Journal of Solids and Structures 48 (2011) 269–279 2732.4. Continuous chip formation ahead of cutter blade
Continuous chip formation was observed in front of the blunt
cutter blades with the advancing of cutter blades in the experimen-
tal axial cutting tests as shown in Fig. 2.
2.5. Cut petalled sidewalls bending outward
As discussed previously, the presence of cutter blades leads to
the cut petalled sidewalls bending outward. Moving hinge lines
on each cut petalled sidewall (GH line in Fig. 4.) travels along the
x direction and change the curvature of the undisturbed tube side-
wall from zero to 1/Raxial, where Raxial is the radius of axial bending.
The axial bent radius of the cut petalled sidewalls can be deter-
mined from the geometry of the problem and the detailed develop-
ment process and the resulting radii for different geometries of
tubes considered in this research are presented in Appendix A.
For the axial cutting tests with the presence of the curved deﬂector,
since the curvature of the curved deﬂector’s proﬁle considered in
this research is greater than 1/Raxial, the moving hinge lines (GH
line in Fig. 4.) changes the curvature of the undisturbed tube side-
wall from zero to 1/Rdeﬂector, where Rdeﬂector is the surface proﬁle
radius of the curved deﬂector.
3. Principle of virtual power
When external loads are applied to a deformable structure, the
power of these loads must be equal to the incremental energy
stored elastically or dissipated in the structure. Assume a rigid-
perfectly plastic material, i.e. no elastic energy is stored in the
structure, applying the principle of virtual power:
F  V ¼ _Ep þ _Ef ¼ _Em þ _Eb þ _Ef ð8Þ
where F is the cutting resistance force in the direction of V, V is the
velocity of the cutting blade in the advancing direction, _EP is the rate
of plastic energy dissipation, _Ef is the rate of energy dissipation as a
result of friction forces, _Em is the rate of energy dissipation due to
plastic membrane stretching, and _Eb is the rate of energy dissipation
due to plastic bending.
4. Assumptions for internal energy dissipation
In the present model, the internal energy dissipation and fric-
tion effects are considered separately without coupling. Kinemati-
cally admissible displacement ﬁelds are constructed according to
Figs. 4 and 6 and from the assumed deformation ﬁelds. The rates
of each plastic energy dissipation mechanisms are calculated with
one free parameter, the plastic rolling radius, Rr, which is postu-
lated that the actual deformation mode is the one that minimizes
the total rate of energy dissipation.
For a plane stress condition, the rate of membrane and bending
energies can be expressed in Eqs. (9) and (10), respectively, where
Nab, Mab are components of the membrane force and bending mo-
ment tensors, _eab; _kab are the corresponding generalized strain and
curvature rates calculated in the deformation conﬁgurations. The
material is assumed to be characterized by a ﬂow stress, ro, which
is understood as the elevated stress corresponding to an average
strain in the cutting process.
_Em ¼
Z
A
Nab _eab dA ð9Þ
_Eb ¼
Z
A
Mab _kab dA ð10Þ
In order to simplify the problem, the following assumptions are
made:(i) The total cutting resistant force is equally distributed to
individual cutting deformation mode generated by one of
the cutter blades.
(ii) The material is treated as rigid-perfectly plastic with an
average ﬂow stress (ro). This ﬂow stress has the same value
in both bending and membrane deformation modes.
(iii) Plastic in-plane shear strain is neglected.
(iv) The out-of-plane displacements in the near-tip membrane
deformation zone are neglected in the strain rate
calculations.
(v) Plastic work in the near-tip zone is predominantly dissi-
pated by the diffused mode. In other words, no local necking
is considered and the tube thickness is taken to be constant.
(vi) The interactions between each plastic energy dissipation
mechanisms are uncoupled and can be treated separately.
(vii) The yield behaviour of the tube material obeys a von Mises
yield criterion.
For circular tubes with rigid-perfectly plastic material obeying
von Mises yield criterion, the plane stress yield condition in a
cylindrical coordinate system can be written as:
r2xx  rxxrhh þ r2hh þ 3r2xh ¼ r2o ð11Þ
The associated ﬂow rule gives three independent equations:
_exx ¼ _kð2rxx ¼ rhhÞ
_ehh ¼ _kð2rhh ¼ rxxÞ
_exh ¼ 6 _krxh
8><
>: ð12Þ
For materials that are in the vicinity of the cutter blade tip, since
_exx  0 (no material accumulated ahead of the blade tip beyond the
chip formation zone) and _exh ¼ 0 (shear strain rate is neglected in
the calculation), from Eqs. (11) and (12), stresses in the vicinity
of the cutting blade tip are given by:
rxx ¼ 12rhh ð13Þ
rxh ¼ 0 ð14Þ
rhh ¼ 2ﬃﬃﬃ
3
p r0 ð15Þ
For materials that are in the far-ﬁeld of the cutter blade tip,
since, _ehh ¼ 0 (no material accumulated in the circumferential
direction beside the cutting deformation zone) and _exh ¼ 0 (shear
strain rate is neglected in the calculation), from Eqs. (11) and
(12), stresses in the far-ﬁeld of the cutting blade tip are given by:
rhh ¼ 12rxx ð16Þ
rxh ¼ 0 ð17Þ
rxx ¼ 2ﬃﬃﬃ
3
p ro ð18Þ5. Modiﬁcation for a steady-state cutting process
In a steady-state cutting process it is convenient to follow the
deformation of a given material element as it goes through the en-
tire deformation path. A material element near the vicinity of the
cutter blade tip ﬁrstly enters the ‘plastic deformation zone’ in
Fig. 3 where it is subjected to circumferential stretching. Then it
passes the bending zone (APQ zone) where it acquires a constant
cylindrical curvature. Next, it moves to the transition membrane
zone (PQT zone) where it is extended in the axial direction. Finally,
on leaving the transition zone (PT line), it buckles (for thin tubes)
or it compressed back to its original length (for thick tubes). All
tube geometries considered in this research are thin-walled tubes
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tal tests and is shown in Fig. 2.
The steady-state cutting process condition is mathematically
expressed by:
V ¼ dx
dt
ð19Þ
Using Eq. (19), the rate term can be re-written in alternative form as
presented in Eq. (20):
d
dt
ð Þ ¼ d
dx
ð Þ  dx
dt
¼ V : d
dx
ð Þ ð20Þ6. Internal energy dissipation determination
6.1. Energy rate in far-ﬁeld bending
As discussed in the previous section, the moving hinge line OP
changes the outer and inner portions of sidewalls curvatures differ-
ently. The mean radius that differentiates the outer and inner por-
tions of the tube sidewalls is given by:
rm ¼ ro þ ri2 ð21Þ
And the new mean radii of the outer and inner portion of sidewalls
are then determined:
rm o ¼ ro þ rm2 ð22aÞ
rm i ¼ rm þ ri2 ð22bÞ
The new tube wall thickness for the outer and inner portions of
sidewalls is given by:
to ¼ ti ¼ t2 ð23Þ
From Eq. (10) and using Eq. (20), the rates of energy dissipated on
both sides of the cutting blade due to the moving hinge line OP
are given by:
_Eb far-field ¼ 2
Z
Lo
VnMo o½knn odLo þ 2
Z
Li
VnMo i½knn idLi ð24Þ
where Vn is the normal moving speed of plastic hinge line OP; Mo_o
and Mo_i is the fully plastic bending moments for the outer and
inner portion of the tube sidewall; [knm_o] and [knn_i] are outer
and inner portion of sidewalls’ curvature change, respectively;
and Lo and Li are the length of moving hinge lines for the outer
and inner portion of the tube sidewall. From geometry of the
problem, it can be derived that:
Vn ¼ V sin h ð25Þ
Lo ﬃ Li ﬃ Bþ Rrsin h ð26Þ
½knn o ¼ 1Rrt o þ
1
rm o
ð27aÞ
½knn i ¼ 1Rrt i 
1
rm i
ð27bÞ
From the stresses conditions as expressed in Eq. (15), the fully plas-
tic bending moment is determined to be:
Moo ¼ Moi ¼
rot2
8
ﬃﬃﬃ
3
p ð28Þ
Substitute Eqs. (5), (22), (23) and (25–28) into Eq. (24) gives:_Eb far-field ¼ rot
2
2
ﬃﬃﬃ
3
p VðBþ RrÞ 1Rr cos hþ
1
ro þ rm 
1
rm þ ri
 
ð29Þ6.2. Energy rate in far-ﬁeld transition membrane deformation zone
The amount of membrane straining in the transition membrane
zone (PQT zone) is indicated by uo as explained in previous section.
It is assumed that the dominated stress is the tensile stress in the
streamline of the circular tube. Substituting Eqs. (18)–(20) into Eq.
(9), the rates of energy dissipated on both sides of the cutter blade
due to membrane stretching of material from transient ﬂap to sta-
ble ﬂap are given:
_Em trans ¼ 2
Z
Ltt
V
2rotﬃﬃﬃ
3
p ettdLtt ¼ 4ﬃﬃﬃ
3
p Vr0ðto þ tiÞuo ¼ 4ﬃﬃﬃ
3
p Vrotuo
ð30Þ
where tt indicates the direction of membrane straining in the tran-
sitional zone. Substitution of Eq. (6) into Eq. (30) simpliﬁes to:
_Em trans ¼ 4ﬃﬃﬃ
3
p VrotBh ð31Þ6.3. Energy rate in near blade tip circumferential membrane stretching
The amount of membrane stretching in the vicinity of the cutter
blade tip is indicated by vhh as explained in previous section. The
dominated stress is the tensile stress in the circumferential direc-
tion. Substituting Eqs. (15) and (20) into Eq. (9), the rate of energy
dissipated due to the circumferential membrane stretching in the
vicinity of the cutter blade tip is:
_Em tip ¼
Z
Lhh
V
2roﬃﬃﬃ
3
p ehhdLhh ¼ 4ﬃﬃﬃ
3
p Vrotvhh ð32Þ
Replacing Eq. (7) into Eq. (32) simpliﬁes the expression to be:
_Em tip ¼ 0:366VrotRr cos2 hð1þ 0:55h2Þ ð33Þ6.4. Energy rate in continuous chip formation ahead of cutter blade
The material ahead of the blunt cutter blade tip is subjected to
compression and the rate of energy dissipated due to the continu-
ous chip formation is given by:
_Echip ¼ 2ﬃﬃﬃ
3
p VroTt ð34Þ6.5. Energy rate in cut petalled sidewalls bending outward
As discussed in the previous section, with the advancing of cut-
ter blades, the moving hinge line GH changes the curvature of cut
petalled sidewalls from 0 to 1/Raxial. The magnitude of axial bent
radius, Raxial, can be determined by the geometry of the problem
or by the radius of the curved deﬂector’s proﬁle as detailed in
Appendix A. The rate of energy dissipated for one of the cut pet-
alled sidewalls is determined from Eqs. (10) and (18) using Eq.
(20) and is given by:
_Eb axial ¼ VMo 1Raxial
2prm
n
¼ V pﬃﬃﬃ
3
p rot
2rm
nRaxial
ð35Þ7. Steady-state cutting resistance force without friction
The steady-state cutting resistance force without the effect of
friction force is determined from substituting calculated rates of
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principle of virtual power while ignoring the contribution of fric-
tion force. Re-writing Eq. (8) without considering the effect of fric-
tion gives:
Fp  V ¼ _Ep ¼ _Eb far-field þ _Em trans þ _Echip þ _Em tip þ _Eb axial ð36Þ
Substituting Eqs. 29, 31, 33, 34 and 35 into Eq. (36) gives:
Fp ¼ rot
2
2
ﬃﬃﬃ
3
p ðBþ RrÞ 1Rr cos hþ
1
ro þ rm 
1
rm þ ri
 
þ 4ﬃﬃﬃ
3
p rotBh
þ 2ﬃﬃﬃ
3
p roTt þ 0:366rotRr cos2 hð1þ 0:55h2Þ þ pﬃﬃﬃ
3
p rot
2rm
nRaxial
ð37Þ8. Steady-state cutting resistance force including friction
The contribution of the friction force in the cutting process can
be found by considering normal and tangential forces at the cutter
blade and tube sidewall interface. The relative velocity, Vreal, be-
tween the tube sidewall and the cutting blade at the contact area
is assumed to be inclined an angle, f, as shown in Fig. 7. It has been
shown by Simonsen and Wierzbicki (1998) that it is reasonable to
take the value of f to be 0.5h.
The normal force, FN, is limited by the plastic and/or fracture
resistance of the tube sidewall and thus is treated as known. Force
equilibrium in the x direction results in the normal force, FN, given
by:
FN ¼ Fcut  Fn2 sin h ¼
Fp
2 sin h
ð38Þ
One of the components of the tangential friction force,
Ff1 = lFNsinf, which contributes to the cut petalled sidewalls bend-
ing outward, is already considered in the solution expressed in Eq.
(37). Using the axial bent radii presented in Table A.1 and replacing
them into Eq. (35) and employing the principle of virtual power, it
is interesting to ﬁnd that the axial resistance force necessary to re-
sult in one piece of cut petalled sidewall is almost the same for the
tube geometries considered, expressed mathematically in Eq. (39).
Fp axial ﬃ constant ð39Þ
Since the radial increment due to the presence of the cutter
blades is given by:
Dr ¼ nB
2p
ð40Þ
Observing Eqs. (39) and (40) and realizing that the axial bent of cut
petalled sidewalls is the result of friction force, we can concludeFig. 7. Deﬁnition of direction of relative velocity and free body diagram for cutting
blade.that the tangential friction force, Ff, is an inverse relationship of
the number of cutter blades, n, that is:
Ff ¼ C1n ; ð41Þ
where C1 is a constant.
For the steady-state cutting process with the presence of a
curved deﬂector, the curvature of the deﬂector is greater than
the curvature of the cut sidewall if no deﬂector is present, corre-
spondingly the cut sidewall is forced to conform to the proﬁle of
the deﬂector. Although the relationship between the friction force
and number of cutter blades is not as obvious as the case if no
deﬂector is present, experimental evident indicates that Eq. (41)
is still valid when a deﬂector is present.
The other components of the tangential friction force,
Ff2 = lFNcosf, does not affect the assumed deformation mecha-
nisms. In other words, the tube sidewall could resist an arbitrary
tangential force without altering the plastic energy dissipation.
Projecting Ff2 on both sides of the cutter blade in the x direction
and combining Eq. (41) gives the tangential friction force:
Ff ¼ C2ð2lFN cos f cos hÞn ð42Þ
where C2 is a constant.
Replacing Eq. (42) into Eq. (38) gives:
Ff ¼
C2lFP cos h2 cot h
n
ð43Þ
Considering a circular tube cut by a cutter with four blades, the
radial component of the friction force will be perpendicular to each
other acting on one-quarter of the cut petalled sidewall. It is as-
sumed that in this conﬁguration the friction force will not interfere
with each other to the rate of energy dissipation as a result of plas-
tic deformation. Conﬁgurations other than cut by a cutter with four
blades will result in interference between the friction forces on
both sides of the cut petalled sidewall. Thus, it is reasonable to
take:
C2 ¼ 4 ð44Þ
Similarly, for the case of axial cutting of circular tubes with the
presence of a curved deﬂector, the relationship between the total
friction force and the plastic cutting resistance force as expressed
in Eq. (43) is still valid.
Combining Eqs. (43) and (44), the total cutting resistance force
for a cutter with n number of blades cuts through a circular tube is
determined to be:
F ¼ ðnþ 4l cos h
2
cot hÞFp ð45Þ
The total cutting resistance force for a circular tube cut by a cut-
ter with n number of cutter blades with/without the use of deﬂec-
tor can be determined by replacing Eq. (37) into Eq. (45) and is
given by:
F ¼ ðnþ 4l cos h
2
cot hÞ rot
2
2
ﬃﬃﬃ
3
p ðBþ RrÞ 1Rr cos hþ
1
ro þ rm 
1
rm þ ri
 
þ 4ﬃﬃﬃ
3
p rotBhþ 2ﬃﬃﬃ
3
p roT0:366rotRr cos2 hð1þ 0:55h2Þ
þ pﬃﬃﬃ
3
p rot
2rm
nRaxial
ð46Þ
The rolling radius, Rr, which minimizes the resisting force is deter-
mined by:
dFp
dRr
¼ 0 ð47Þ
Fig. 8. Curved deﬂector considered for the present experimental testing.
Table 1
Input data for comparison of experimental results with theoretical predictions.
Input data AA6061-T6
Yield stress, ry (MPa) 277.5
Ultimate stress, ru (MPa) 320.2
Flow stress, ro = 0.92ru (MPa)
Abramowicz and Wierzbicki (1988)
294.6
Coefﬁcient of friction, l 0.3
Axial bent radius, Raxial (mm) As presented in Table A.1 or 50.8
Blade angle, 2h 8.53
Blade tip width, T (mm) 1
Blade shoulder width, 2B (mm) 3
Number of cutter blades, n 4
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Rr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bt
cos h½t=ðro þ rmÞ  t=ðrm þ riÞ þ 1:268ð1þ 0:55h2Þ cos2 h
s
ð48Þ9. Experimental testing
Quasi-static axial cutting tests were completed for the circular
AA6061-T6 aluminium alloy extrusions utilizing the cutter from
Jin et al. (2008) and the curved deﬂector shown in Fig. 8 in order
to validate the proposed analytical model. The specimens consid-
ered for the present experimental testing had a tube length (L) of
300 mm, nominal external diameters (Do) of 44.45 mm, 50.8 mm,
and 63.5 mm, and an original wall thickness (t) of 3.175 mm as
shown in Fig. 9. In order to study the effect of the tube wall thick-
ness on the steady-state cutting force of the circular extrusion,
specimens with reduced wall thicknesses (Y) of 1.0 mm,
1.25 mm, or 1.5 mm spanning a length (Lreduced) of 250 mm were
selected as illustrated in Fig. 10. Reducing of wall thickness was
completed through material removal of the extrusions using a
CNC lathe machine with minimal material removal in the ﬁnalFig. 9. Original geometry of AA6061-T6 aluminium alloy extrusion specimens
considered in present research. L is the length of the extrusion specimen, Do is the
nominal external diameter of the specimen and t is the wall thickness of the
specimen.
Fig. 10. Geometry of AA6061-T6 aluminium alloy extrusion specimens with
reduced wall thickness. L is the length of the original extrusion specimen, Lreduced
is the length of the reduced wall thickness section of the specimen, t is the original
wall thickness of the specimen, and Y is the reduced wall thickness of the specimen.cut of the specimen. The quasi-static axial cutting tests were com-
pleted following the same testing methodology detailed in Jin and
Altenhof (2008).10. Parametric study and experimental validation
A parametric study considering the effects of tube wall thick-
ness, number of cutter blades, and extrusion diameter is completed
to demonstrate the predictive capabilities of the analytical model
(Eq. (46)). Comparison of predictions from the proposed model
and the analytical models from Zheng and Wierzbicki (1996)
(Eq. (1)) and Simonsen and Wierzbicki (1998) (Eq. (3)) for sharp
wedge cutting through a plain plate is performed. Experimental
steady-state cutting forces are determined by averaging the cutting
forces after obvious steady-state behaviour has been reached.
10.1. Effect of tube wall thickness
The input parameters used for the theoretical predictions,
which were obtained from experimental measurements, are pre-
sented in Table 1. Fig. 11 shows the comparison of steady-state
cutting resistance forces versus tube wall thickness for axial cut-
ting of circular AA6061-T6 extrusions of Do = 50.8 mm by a cutter
of four blades.
It is shown from Fig. 11 that theoretical predictions for the axial
cutting without the use of deﬂector from the present proposed
analytical model agree well with the experimental tests with a
maximum relative error of 14.8%. The theoretical predictions from
Zheng and Wierzbicki (1996) and Simonsen and Wierzbicki (1998)
under-predict the axial cutting force with maximum relative errors
of 36.4% and 24.4%, respectively.Tube wall thickness, t (mm)
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Fig. 11. Steady-state cutting resistance forces versus tube wall thickness for axial
cutting of circular AA6061-T6 extrusions (Do = 50.8 mm) by a cutter of four blades
without the presence of deﬂector.
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Fig. 12. Steady-state cutting resistance forces versus number of cutter blades for
axial cutting of circular AA6061-T6 extrusions (Do = 50.8 mm and t = 3.175 mm)
without the presence of deﬂector.
Tube diameter, Do (mm)
40 45 50 55 60 65
St
ea
dy
-s
ta
te
 c
ut
tin
g 
fo
rc
e,
 F
 (k
N
)
5
10
15 Experimental (present study)
Proposed analytical model, Eqn. [48] 
Zheng and Wierzbicki (1996)
Simonsen and Wierzbicki (1998)
Fig. 13. Steady-state cutting resistance forces versus tube diameter for axial cutting
of circular AA6061-T6 extrusions (t = Y = 1.0 mm) by a cutter of four blades with the
presence of the curved deﬂector (Rdeﬂector = 50.8 mm).
Fig. A.1. Deﬁnitions used to ﬁnd the gap at the cutter blade tip.
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The input parameters used for the theoretical predictions are
presented in Table 1 except that different number of cutter blades
is used. Fig. 12 shows the steady-state cutting resistance forces,
without use of a deﬂector, versus number of cutter blades.
It can be seen from Fig. 12 that theoretical predictions from the
present proposed analytical model agree well with the experimen-
tal tests with a maximum relative error of 8.2%. The maximum rel-
ative errors for theoretical predictions from Zheng and Wierzbicki
(1996) and Simonsen and Wierzbicki (1998) are determined to be
41.3% and 33.0%, respectively. For the number of cutter blades con-
sidered, a non-linear increasing relationship between the steady-
state cutting force and the number of cutter blades is observed
experimentally and theoretically for the extrusions considered.
10.3. Effect of extrusion diameter
The input parameters used for the theoretical predictions are
presented in Table 1. Fig. 13 shows the steady-state cutting resis-
tance forces versus tube diameter. Theoretical predictions from
the proposed model illustrate a minor increasing relationship be-
tween the axial cutting force and the extrusion diameter as shown
in Fig. 13. Analytical models from Zheng andWierzbicki (1996) andSimonsen and Wierzbicki (1998) show that there is no relationship
between them. The experimental results for thicker and larger
diameter extrusions are much higher than the predictions from
the present analytical model since in the experimental tests the
cut petalled sidewalls did not conform well to the proﬁle of the
curved deﬂector due to the large diameter of the extrusion which
resulted in crushing of the cut petalled sidewalls. The maximum
relative error for the proposed analytical model ranges from 0.6%
to 22.8% for the extrusion diameter considered.11. Conclusions
Comparisons of the proposed analytical model to the experi-
mental results with regard to the effects of tube wall thickness,
number of cutter blades, and extrusion diameter show good agree-
ment between the predictions and the experimental data and the
following conclusion can be made:
1. An increasing relationship, almost linear, between the steady-
state cutting force and the tube wall thickness exists for the
extrusion geometries considered and for the axial cutting pro-
cess with/without the presence of the curved deﬂector.
2. The presence of curved deﬂector has a minor effect on the
steady-state cutting resistance force.
3. A non-linear increasing relationship between the steady-state
cutting force and the number of cutter blades exists for the
extrusions considered.
4. The proposed analytical model shows that the extrusion diam-
eter has minor effect on the axial cutting resistance force, how-
ever, the experimental data exhibited an increasing relationship
between them due to axial ‘buckling’ of cut petalled sidewalls
by the deﬂector for the large diameter extrusions.
5. The maximum relative errors between the theoretical predic-
tions and the experimental results are found to be 14.8% and
22.8% for the axial cutting processes considered with and with-
out the use of the curved deﬂector, respectively.Appendix A. Model geometry
The objective of this section is to ﬁnd the circumferential gap
opening in the front of the cutter blade (2mo) and the gap opening
at the blade shoulders (uo), as shown in Figs. A.1 and A.2, expressed
in terms of the rolling radius Rr, the blade shoulder with, 2B, and
the cutter blade semi angle, h, as well as the axial bent radius for
cut petalled sidewalls. The processes of ﬁnding the gap openings
will follow similar steps as which initially documented by
Simonsen and Wierzbicki (1998).
Fig. A.2. Deﬁnitions used to ﬁnd the gap at the cutter blade sides.
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It is shown by Simonsen and Wierzbicki (1998) that the global
coordinates for a point on the curling edge with the arc coordinate
sis given by:
xG ¼ s sin h cos hþ Rt sin s sin hRrt
 
sin h
yG ¼ s sin h sin h Rt sin s sin hRrt
 
cos h
zG ¼ Rt 1 cos s sin hRrt
 h i
8>>><
>>>:
ðA:1Þ
It is obvious from Fig. A.1 that the rolling radius is:
Rr ¼ Rrt= cos h ðA:2Þ
And the circumferential stretching of the tube sidewall on both
sides of the symmetry line is:
2vhh ¼ 2rm sin1 yGrm ðA:3Þ
For the tube and cutter blade geometries considered in this re-
search, the circumferential stretching of the tube sidewall can be
approximated with:
2vhh ¼ 2rm sin1 yGrm ﬃ 2yG
¼ 2s sin h sin h 2Rt sin s sin hRrt
 
cos h ðA:4Þ
The exact solution of 2vhh can be found by solving Eqs. (A.1) and
(A.4) at the point xG = Rrt/sinh = Rr/tanh. However, the exact solu-
tion is too complex and it has to be done numerically. Simonsen
and Wierzbicki (1998) have shown that the exact solution is very
well approximately by the expression:
2vhh ¼ 0:317Rr cos2 hð1þ 0:55h2Þ ðA:5Þ
For the cutter blade geometry considered, the error of Eq. (A.5) is
typically less than 0.2%.Table A.1
Tube and cutter blade geometries considered in this research and axial bent radii of cut p
ro (mm) t (mm) B (mm) T (mm) Dss (mm) Dr (mm)
n = 3 n
25.4 0.794 1.5 1 14.89 1.43 1
1.587 17.33
2.381 19.21
3.175 20.80A.2. Gap opening at blade shoulders
The total circumferential opening of the tube sidewall on one
side of the symmetry line is:
Rr þ rm sin1 Brmean
 
ﬃ Rr þ B ðA:6Þ
It has been shown by Simonsen and Wierzbicki (1998) that gap
owning at blade shoulders (the distance between points T and Q) is
given by:
uo ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2 sin2 hþ ð1 cos hÞ2 Bþ Rr 2 p2
  2r
ðA:7Þ
with the requirement:
Rr 6
B
p
2  1
 1:75B ðA:8Þ
uo/B is a very weak function of the rolling radius Rr, so uo is well
approximated by the following expression for the considered ranges
of h and Rr:
uo ﬃ Bh ðA:9ÞA.3. Axial bent radius for cut petalled sidewalls
The increment of tube radius (Dr) due to the presence of the
cutter blades after reaching the steady-state cutting process is
given by Eq. (A.10), where n is the number of cutter blades and B
is half of the blade shoulder width. The axial displacement neces-
sary to reach the steady-state cutting process (Dss) is the distance
in the x direction from the tip of plastic deformation (point O) to
the start of blade shoulder as shown in Fig. 4(b). This distance
can be geometrically determined by Eq. (A.11), where T is the blade
tip width and lb is the distance from the blunt blade tip to the
beginning edge of ﬁnite shoulder as shown in Fig. A.1. For the axial
cutting process without the presence of deﬂector, the axial bent ra-
dius (Raxial) can then be determined geometrically by assuming a
tangential connection between the undisturbed tube sidewall
and the cut petalled sidewalls and free ﬂaring of the cut petalled
sidewalls as illustrated in Fig. 4(b). The geometrically determined
axial radii for the tube and cutter blade geometries considered in
this research are given in Table A.1. For the axial cutting process
with the presence of a curved deﬂector with a surface proﬁle radius
of Rdeﬂector (one example of the curved deﬂector geometry is shown
in Fig. 8), the axial bent radius Raxial is equal to Rdeﬂector if geomet-
rically determined value is bigger than the proﬁle radius of the
deﬂector.
Dr ¼ 2nB
2p
ðA:10Þ
Dss ¼ Rr þ 0:5Ttan h þ lb ðA:11Þetalled sidewalls without the presence of deﬂector.
Raxial (mm)
= 4 n = 5 n = 6 n = 3 n = 4 n = 5 n = 6
.91 2.39 2.87 78.12 59.01 47.64 40.13
105.60 79.617 64.123 53.87
129.58 97.605 78.514 65.87
151.76 111.24 91.82 76.96
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